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A B S T R A C T

This thesis deals with the generation and investigation of highly ex-
cited Rydberg excitons in the semiconductor cuprous oxide (Cu

2
O).

The two fundamental parts of the setup are an external cavity diode
laser (ECDL) and a waveguide of periodically poled magnesium oxide-
doped lithium niobate (MgO:PPLN).

The cuprous oxide crystal used was artificially grown at the Max
Planck Institute for Solid State Research (Stuttgart). It is shown for
the first time that artificially grown Cu

2
O crystals can show exciton

absorptions up to at least the main quantum number n = 9. Usually
natural Cu

2
O crystals are used for experiments, due to the superior

crystal quality. This thesis shows that the theoretical model for the
description of excitons fits with a high accuracy to the experimental
data.

Moreover different methods of modulation spectroscopy are tested.
For this setup only the amplitude modulation spectroscopy leads to
good results. It is shown that the signal-to-noise ratio (SNR) could be
increased compared to normal transmission spectroscopy.

Z U S A M M E N FA S S U N G

Diese Abschlussarbeit behandelt die Erzeugung und Untersuchung
von hoch angeregten Rydberg Exzitonen im Halbleiter Kupferoxydul
(Cu

2
O). Der Versuchsaufbau besteht hauptsächlich aus einer Laser-

diode mit einem externem Resonator (ECDL), sowie einem Wellen-
leiter aus periodisch gepoltem Lithiumniobat, welcher mit Magne-
siumoxid dotiert ist (MgO:PPLN).

Der verwendete Kupferoxydul Kristall ist künstlich am Max Planck
Institut für Festkörperforschung (Stuttgart) gewachsen. Es wird zum
ersten Mal gezeigt, dass auch künstliche Cu

2
O Kristalle Exzitonen-

anregungen bis zur Hauptquantenzahl n = 9 zeigen können. Nor-
malerweise werden aufgrund der besseren Kristallqualität natürliche
Kristalle für Experimente mit Kupferoxydul verwendet. Diese Arbeit
zeigt, dass das theoretische Modell für die Beschreibung von Exzito-
nen sehr gut mit den experimentellen Ergebnissen übereinstimmt.

Außerdem werden verschiedene Methoden der Modulationsspek-
troskopie getestet. Mit diesem Versuchsaufbau führte nur die Am-
plitudenmodulationsspektroskopie zu guten Ergebnissen. Das Signal-
Rausch-Verhältnis (SNR) konnte im Vergleich zu gewöhnlicher Trans-
missionspektroskopie erhöht werden.
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I N T R O D U C T I O N

The process where a material absorbs light of a certain energy to
get into an excited state is basis of many fields of research. The easi-
est and best understood system regarding this is the hydrogen atom,
which consists only of a single proton and a single electron. The en-
ergy levels are well known and can be calculated precisely.

A highly excited arbitrary atom can be described analogously to the
hydrogen atom. The so called Rydberg atom combines the simplicity
of the hydrogen atom with the variety of the periodic table’s elements.

Excitons are bounded states in a semiconductor, which can also be
described analogously to the hydrogen atom. If they are also highly
excited they can be called Rydberg excitons with similar properties
as the atom’s representatives. Due to their large spatial extension and
long lifetime they are potential candidates for technical applications
such as quantum devices.

This thesis is about the construction of an experimental setup and
the evaluation of methods of measurement to investigate Rydberg
excitons. The experiments are implemented with the semiconductor
material Cu

2
O. As the method of measurement the technique of mod-

ulation spectroscopy is applied.
The thesis is divided into three parts: The first part explains the

theoretical background of semiconductors, optics and spectroscopy.
The second part is about the experimental setup and describes the
method of measurement. The last part shows the results of the mea-
surements we did. It contains details of both the setup and the exci-
tons of the semiconductor system.

The thesis clarifies, whether the chosen setup and methods of mea-
surement are suitable for the investigation of Rydberg excitons in
Cu

2
O and so offers the possibility for many further research projects.

1





Part I

T H E O RY





1
S E M I C O N D U C T O R S

1.1 general properties

A semiconductor is a solid state crystal with an electrical conductivity
between that of a conductor and an insulator. As a solid state material,
most of its physical properties arise from the periodic structure of its
atoms.

1.1.1 Band Structure

An electron in a solid state material can be described by a Bloch func-
tion

ψnk(r) = eik·runk(r), (1)

where unk(r) is a periodic function, which has the same periodicity
as the solid state crystal. The real vector k is called the wave vector and
its possible values depend on the boundary conditions of the system.
The vector r describes the position within the crystal. The variable n
is called the main quantum number and will be explained later.

The Bloch function is the most general solution of the time-indepen-
dent Schrödinger equation

Enkψnk(r) =
(

P2

2m
+ V(r)

)
ψnk(r) (2)

of a system which has a periodic potential V(r) and only one particle
of the mass m. The symbol P stands for the impulse operator and  h is
the reduced Planck constant. Although this is only an approximation
of the real situation inside the crystal, it describes many properties
very well and sufficiently.

The energies of the solutions vary continuously with the variation
of k and thus form an energy band of continuous energy states. For a
single wave vector k there are furthermore multiple solutions of the
Schrödinger equation, which are labeled by the variable n. Combin-
ing these leads to an electronic band structure which determines many
properties of a solid state crystal. It is possible, that there is no so-
lution for some energies between the bands. These forbidden energy
levels are called band gaps and are important for the classification of
solid state materials.

The bands are filled with electrons up to the Fermi energy, which
is a material specific constant. If the Fermi energy is within a band
gap of a few eVs the solid state crystal is called a semiconductor. The

5



6 semiconductors

Figure 1: Band structure of the semiconductor gallium arsenide. [1]

highest completely filled band is called the valence band, while the
next higher empty or partly filled band is called conduction band. Fig-
ure 1 shows as an example the band structure of the semiconductor
gallium arsenide, which has a clearly visible band gap of about 1 eV
between the valence band and the conduction band.

1.1.2 Effective Masses

The mathematical space of all possible wave vectors k is called the
reciprocal space. The origin of the reciprocal space (k = 0) is named
the Γ -Point. Close to the Γ -Point the bands are almost isotropic and
can be approximated by a parabola of the form

E(k) =
 h2k2

2m∗e
. (3)

By comparing this with the dispersion relation of a free electron

E(k) =
p2

2me
=

 h2k2

2me
(4)

and using the identity p =  hk for the impulse p, it seems natural to
label the constant m∗e as an effective mass of an electron in a solid state
crystal.

If one electron of the semiconductor’s valence band is moved to
the conduction band, it has almost the same physical properties as
a free electron, except the reduced mass. The other electrons left in
the valence band can be described by a single particle with a positive
charge, which is called a hole. Like the single electron in the conduc-
tion band a hole has similar physical properties to a free particle. In
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other words it has an effective mass m∗h and can be described by the
same dispersion relation.

1.1.3 Excitons

When an electron moves from the valence to the conduction band a
hole is created. These electron-hole pairs can usually move locally in-
dependently and are not bound to each other. Based on the Coulomb
interaction between the electron and the hole it is also possible to
create bound electron-hole-pairs, which are called excitons. The en-
ergy that is required to create an exciton is due to the binding energy
below the energy of the band gap.

There are two distinguishable sorts of excitons: The Frenkel excitons
can be observed mainly in solid states of molecules, noble gases or
ions and have a binding energy of about 1 eV. Mott-Wannier excitons
have a very small binding energy of about 10 meV and are typical for
excitons in semiconductors. [2]

The most general equation for the possible energies of Mott-Wan-
nier excitons

En = Eg −
µ∗e4

32π2 h2ε2r ε
2
0

1

n2
+

 h2K2

2(m∗e +m
∗
h)

(5)

is similar to the equation of a hydrogen atom [2]. In the last equation
µ∗ is the reduced mass of the exciton, which is defined using the
equation µ∗−1 = m∗−1e +m∗−1h . The other constants are the elemen-
tary charge e, the relative permittivity εr, the vacuum permittivity
ε0, the energy of the band gap Eg and the wave vector of the exciton
K, which describes the center of mass motion. The relative motion of
a hole and an electron is described similar to the hydrogen atom, by
the angular momentum quantum number l = 0, 1, 2, . . . and the main
quantum number n.

Similar to the hydrogen atom, a Bohr radius

aB =
4π h2εrε0
µ∗e2

(6)

and a Rydberg energy

ER =
µ∗e4

32π2 h2ε2r ε
2
0

=
e2

8aBπεrε0
(7)

can be defined.
If a photon is absorbed by a semiconductor to create an exciton,

the conservation of energy and impulse has to be preserved. The
maximum absolute impulse of an electron can be estimated by the
equation

|pelectron| =  h |k| =
h

a
, (8)
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(a) Photon only. (b) Phonon absorbed. (c) Phonon emitted.

Figure 2: Different types of phonon-assisted photon absorption.

where a is the lattice constant.
The absolute impulse of a photon

∣∣pphoton
∣∣ =  h |k| =

h

λ
(9)

is because of λ � a small compared to the electron impulses. There-
fore the absolute impulse and also the wave vector K of an exciton
created by a simple photon absorption is negligible and can be set to
zero.

1.1.4 Phonons

Phonons are quasiparticles within a solid state crystal, which have
an impulse p =  hq and an energy E = hνq. They are the quantum
mechanical concept to describe the oscillation of the atoms in the
lattice. If a phonon interacts with other particles like photons, the
conservation of energy

hνemission = hνabsorption + hνq (10)

and impulse

 hkemission =  hkabsorption +  hq +  hQ (11)

holds with the exception of the additional impulse  hQ, where Q can
be any reciprocal lattice vector.

With the so called phonon-assisted photon absorption it is possible to
create excitons with a non-zero resulting impulse K. In this situation
a phonon is absorbed or emitted during the photon absorption and
it transfers its impulse to the exciton. This process is outlined in Fig-
ure 2.
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(a) Crystal structure of Cu
2
O. (b) Schematic band structure of

Cu
2
O.

Figure 3: Structure of Cu
2
O [3]. a) Crystal structure of Cu

2
O. The O-atoms

(red spheres) are positioned in a bcc-lattice. The Cu-atoms (blue
spheres) are arranged in an fcc-lattice, which is, compared to
the other lattice, shifted by a quarter of the diagonal length. b)
Schematic band structure of Cu

2
O around the center of the first

Brillouin zone. There is a direct band gab of 2.17 eV, which forms
the yellow exciton series.

1.2 cuprous oxide

Cuprous oxide is a red inorganic solid with the formula Cu
2
O. Other

names are Copper(I) oxide, cuprite, red copper oxide or dicopper
oxide.

1.2.1 Crystal Structure

The physical properties of a semiconductor depend strongly on the
crystal quality. Usually natural Cu

2
O-crystals are superior in this re-

spect compared to artificial ones. In this experiment both types will
be investigated.

Figure 3 shows the crystal and band structure of cuprous oxide
(Cu

2
O). The O-atoms are arranged in a bcc-latice and the Cu-atoms

in an fcc-lattice. The lattices are shifted to each other by a quarter of
the diagonal length. [3]

As shown in Figure 3b Cu
2
O has a direct band gap of about 2.17 eV,

which corresponds to a wavelength in the visible spectrum of about
571 nm.
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Figure 4: Rydberg Excitons of Cu
2
O up to n = 25. [3]

1.2.2 Rydberg Excitons

As shown in Figure 3b there are four possible electron transitions,
which can form the four (yellow, green, blue and violet) exciton series.
Due to the parity S-excitons (l = 1) are dipole forbidden, while P-
excitons (l = 2) are dipole allowed.

The energy levels of the yellow exciton series

En = Eg −
ER

(n− δP)2
(12)

are similar to Equation 5, with the exception that the concept of a
quantum defect δP is applied, as discussed in [3].

By now Figure 4 shows the highest detected exciton state in a semi-
conductor. In [3] excitons up to the main quantum number n = 25

were observed. As for a hydrogen atom the highly excited states are
called Rydberg excitons.

The average radius 〈rn〉 of an exciton with the main quantum num-
ber n and the angular momentum l is given by [4]

〈rn〉 =
1

2
aB

(
3n2 − l · (l+ 1)

)
. (13)

Due to the small effective mass and the resulting large Bohr radius
Rydberg excitons have a large spatial extend (〈r25〉 = 1µm). Rydberg
excitons in Cu

2
O have also a long lifetime (up to nanoseconds for

high principal quantum numbers).



2
O P T I C S

2.1 linear optics

In many systems the relation between the electric field E and the
electric polarization P can be described by a linear equation

P = ε0χE , (14)

where χ is the electric susceptibility, which is a tensor of the second
order. The theory of linear optics is based on this linear relation. The
electric displacement field D is then defined by the equation

D = ε0E + P = ε0 · (1+ χ)E = ε0εrE . (15)

2.1.1 Electromagnetic Wave

From now on a non magnetic medium (µr = 1) with no free charges
(ρf = 0) and current (j = 0), which is suitable for e.g. dielectric mate-
rials, is assumed. The relation between the magnetic field strength H
and the magnetic field is then given by the equation

B = µ0H , (16)

where µ0 is the vacuum permeability.
A simple mathematical description for the propagation of light is

given by a plain wave

E(r, t) = E0 sin(ωt− k · r) , (17)

which is a solution of the Maxwell equations

div D = 0 (18a)

div B = 0 (18b)

rot E = −
∂B
∂t

(18c)

rot H =
∂D
∂t

. (18d)

The absolute value of the wave vector k

k = |k| =
ω

c
=
2π

λ
(19)

and the angular frequency ω are not independent. The variable λ is
called the wavelength and the constant

c =
c0
n

=
c0√
εr

=
1

√
µ0ε0εr

(20)

is the speed of light in the medium, where c0 is the vacuum speed of
light and n the refractive index.

11
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(a) Schematic picture. (b) Transmission and reflection.

Figure 5: Fabry-Pérot Interferometer. a) Schematic picture of a typical Fabry-
Pérot interferometer. A single beam of light enters the interferom-
eter and is reflected and transmitted multiple times. The medium
within the two surfaces has a refractive index n. b) The trans-
mission and reflection of two Fabry-Pérot interferometers with fi-
nesses F = 20 (red) and F = 1 (blue) as functions of the wavelength
λ.

2.1.2 Fabry-Pérot Interferometer

A Fabry-Pérot interferometer is built of two parallel partially reflective
surfaces. Due to constructive and destructive interference only spe-
cific wavelengths can pass the interferometer without intensity reduc-
tion.

Figure 5a shows the layout of a typical Fabry-Pérot interferometer.
The interferometer’s transmission depends on the phase difference δ
between two parallel beams (like T1 and T2 in Figure 5a). It can be
calculated [5] that the transmission function is given by

T =
(1− R)2

1+ R2 − 2R cos(δ)
=

1

1+ F sin
(
δ
2

) , (21)

if both surfaces have a reflectance of R. The constant

F =
4R

(1− R)2
(22)

is the coefficient of finesse and describes the contrast between wave-
lengths of high and low transmission, as it can be seen in Figure 5b.
In case of a perpendicular incidence (θ = 0 in Figure 5a) the phase
difference is given by

δ =
4πnl

λ
, (23)
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Figure 6: Reflection diffraction grating. An incident monochromatic light
beam is reflected only in specific angles.

where l is the distance of the two surfaces and n the refractive index
of the medium between them.

Figure 5b shows Equation 21 as a function of the wavelength λ for
two different finesses. For the wavelengths, which fulfill the condition

λ = m2nl (24)

for constructive interference, where m is an arbitrary integer, the
transmission reaches the maximum (T = 1). The range between these
maxima is called the free spectral range (FSR) ∆λ.

2.1.3 Grating

An optical diffraction grating has a periodical structure and is able
to split an incident light beam in its spectral components. Figure 6

shows a sketch of a reflection diffraction grating, which has a reflecting
periodic surface structure.

Due to constructive and destructive interference an incident mo-
nochromatic beam of light is reflected only at specific angles. The
grating equation, which determines the possible reflection angles, is
given by

d · (sin(α) + sin(β)) = mλ , (25)

where d is the periodical length of the structure, α respectively β the
angle of the incident respectively the reflected light beam and the
normal to surface, λ the wavelength and m an arbitrary integer. The
reflection for m = 0 is called the 0

th order, for m = 1 the 1
st order and

so on.
This equation neglects the specific structure of the surface (e.g. the

angle δ in Figure 6) and only observes the periodical length. Certainly
this specific structure determines the intensity of the reflections of the
different orders.
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A blazed grating is an optical diffraction grating, that can be tuned
to maximize the intensity of a single diffraction order. In Figure 6 this
can be achieved by setting δ = β.

2.2 nonlinear optics

In contrast to linear optics (see Section 2.1) nonlinear optics use higher
orders of the electric susceptibility χ to describe the relation between
the electric field E and the electric polarization P

P = ε0 ·
(
χ(1)E + χ(2)E2 + . . .

)
, (26)

where χ(n) are the nth order susceptibilities of a medium. They are
tensors of the order n+ 1.

2.2.1 Second Harmonic Generation

If a plane wave with an angular frequency ω incides a nonlinear
medium the electric field E at the position r = 0 is given by Equa-
tion 17

E(t) = E0 sin(ωt) . (27)

For convenience only a single polarization

E0 = exE0 (28)

is taken into account.
This leads to an electric polarisation of

P(t) = ε0 ·
(
χ
(1)
x E0 sin(ωt) + χ(2)xx E

2
0 sin2(ωt)

)
, (29)

if only the first two terms of Equation 26 are taken into account.
Using the trigonometric identity

sin2(x) =
1

2
−

cos(2x)
2

(30)

leads to the electric polarization

P(t) = ε0 ·
(
1

2
χ
(2)
xx E

2
0 + χ

(1)
x E0 sin(ωt) −

1

2
χ
(2)
xx E

2
0 sin2(2ωt)

)
(31)

with a term

−
1

2
χ
(2)
xx E

2
0 sin2(2ωt) (32)

oscillating at the frequency 2ω. This leads to a generation of a plane
wave with twice the frequency of the original one. The effect is called
the second harmonic generation.
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(a) No phase matching. (b) Quasi-phase matching.

Figure 7: Difference between no and quasi-phase matching. [6] The blue ar-
rows symbolize the amplitude and phase of the generated wave;
the red arrow stands for the corresponding propagating wave. a)
Without phase matching the amplitude of the propagating wave
oscillates between zero and the maximum. b) With quasi-phase
matching the intensity of the propagating wave increases continu-
ously, since the phase of newly generated frequency components
is flipped after a cycle.

2.2.2 Quasi-Phase Matching

The absolute value of the wave vector of a plane wave is given by

k(ω) = |k(ω)| =
2π

λ
=
ωn(ω)

c0
, (33)

where n(ω) is the refractive index at the angular frequency ω and c0
the vacuum speed of light.

While for the generated second harmonic wave it holds that kgen =

2k(ω), a propagating wave has an absolute value of the wave vector
of kprop = k(2ω). This leads to a phase mismatch

∆k = kprop − kgen = k(2ω) − 2k(ω) =
2ω

c0
(n(2ω) −n(ω)) (34)

between the generated and the propagating second harmonic, be-
cause usually the refractive indices differ for different frequencies.

Figure 7a shows the consequence of the phase mismatch. Instead
of increasing the intensity of the propagating wave oscillates. The
distance between the minimum and maximum intensity in the crystal
is called the coherence length.
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In Figure 7b the nonlinear interaction of the medium is reversed
every coherence length. Thus the intensity of the propagating second
harmonic increases continuously. This concept is called quasi-phase
matching.

The coherence length depends on the wavelengths and the refrac-
tive indices of the medium. By changing the temperature the refrac-
tive indices usually change. Thereby it is possible to achieve constant
coherence lengths for different wavelengths by changing the temper-
ature. This is necessary for quasi-phase matching over a wide range
of wavelengths with a single crystal.

2.3 lasers

Light amplification by stimulated emission of radiation (laser) is a process
of optical amplification of light. A laser is built of an optical resonator
and a gain medium. The gain medium needs energy for the light am-
plification. This process is called pumping and can be done by e.g.
light or electric current.

A laser can emit light either continuously (CW) or pulsed. Due to
the energy-time uncertainty principle a pulsed laser has a very broad
spectrum. If a very narrow spectrum is necessary, a laser operating in
CW is needed.

2.3.1 Laser Diode

A laser diode uses a p-n junction of a semiconductor as the gain medi-
um. Laser diodes are compact, cost effective and efficient. In contrast
to a light-emitting diode (LED) a laser diode emits laser light due to
the additional resonator. The power of the a laser diode can be easily
controlled through the electric current.

Without an external resonator laser diodes have a broad emission
spectrum and tend to mode hopping. They are also unstable due to
temperature changes.

The laser diode used in this experiment has an anti-reflection (AR)
coating to weaken the mode selection of the internal resonator. It is
not able to lase without an external feedback, which is advantageous
for wavelength tuning. The resonator then forms a Fabry-Pérot inter-
ferometer with a very small finesse (see Equation 22).

Varying the temperature of the laser diode changes the refractive
index and the length of the resonator, which modifies the resulting
gain profile (see Equation 23). Changing the laser diode’s current al-
ters the temperature of the laser diode with the same consequences.
However there is an additionally modification of the refractive index
due to the higher or lower charge density at the p-n junction.



2.3 lasers 17

Figure 8: Littrow configuration. [7] In the Littrow configuration a diffractive
reflection grating is used as the wavelength selective optical ele-
ment.

2.3.2 Littrow ECDL

An external-cavity diode laser (ECDL) uses an additional external res-
onator with wavelength selective elements to stabilize and tune the
mode selection. A possible realization of an ECDL is the Littrow con-
figuration, which is shown in Figure 8.

The Littrow ECDL uses an AR-coated laser diode and a blazed dif-
fraction reflection grating. The grating is optimized to reflect the first
reflection order back into the laser diode. The lens is necessary to
focus the light onto the diode’s surface. By turning the grating the
reflection condition is fulfilled for different wavelengths and offers
the possibility of tuning the wavelength.

The 0
th order reflection beam is used as the output beam. Its di-

rection changes depending on the grating angle. To compensate the
grating dependent output beam direction, additional optics are nec-
essary, which is hinted by the mirror in Figure 8.

Figure 9 shows the mode selection of a Littrow ECDL. For a coarse
tuning of the wavelength it is sufficient to turn the grating.

The profile of the grating is very broad compared to the external
and internal modes. Therefore the effect of the grating is not domi-
nating for fine wavelength tuning.

The external modes shift by turning the grating due to the changed
resonator length. If the internal modes are held constant, the wave-
length can be tuned continuously only about the distance between
two external modes. By exceeding this limit the wavelength hops
to another wavelength with another external mode. The maximum
range of tuning the wavelength continuously is called the mode-hop
free tuning range.

The mode-hop free tuning range can be increased by varying not
only the external modes but also the internal modes. This can be
achieved by changing the electric current simultaneously to the grat-
ing angle. This process is called feed forward. Unfortunately this leads
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Figure 9: Mode selection of a Littrow ECDL. [7] The mode selection depends
on the external modes, the grating, the internal modes and the
gain.

to a wavelength dependent intensity, because through the electric cur-
rent also the gain is changed. Varying the electric current furthermore
changes the temperature of the laser diode and consequently the in-
ternal modes.
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S P E C T R O S C O P Y

Spectroscopy is among others the analysis of the electromagnetic
spectra of substances. In this thesis the transmission spectrum of
Cu

2
O is investigated.

3.1 linewidth

A particle in the lower of two different energy states can absorb a
photon that has the same energy as the difference between the two
states. The transmission spectrum of these particles shows then an
absorption dip around this energy.

Figure 10 sketches a possible transmission spectrum of a two state
particle. The width of the absorption line is called linewidth. There are
several physical effects, that can broaden the absorption line.

One effect is the uncertainty principle. The relation between the
lifetime τ and the linewdith Γ is given by the equation

Γτ =  h . (35)

The relation between the thickness L of a sample and the transmit-
ted power PT is given by the Lambert-Beer law

PT = P0e−αL = P0e−τ , (36)

where α is the absorption coefficient, P0 the power of the laser, before
it incides the sample, and τ = αL the optical depth.

The frequency dependent absorption coefficient α has a Lorentzian
profile

α(E,∆E) = C
Γ
2(

Γ
2

)2
+ (E−∆E)2

, (37)

Figure 10: Absorbtion spectrum of a particle with two energy states.
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Figure 11: Operating principle of a simple lock-in amplifier.

where C is a constant of proportionality.
Due to phonon-assisted absorption the symmetric Lorentzian pro-

file has to be adjusted. Therefore, the asymmetric Lorentzian profile

α(E,∆E) = C
Γ
2 + 2q · (E−∆E)(
Γ
2

)2
+ (E−∆E)2

, (38)

where the variable q describes the asymmetry, is used.

3.2 modulation spectroscopy

With modulation spectroscopy one or several parameters of the light,
that is used for the spectroscopy, is modulated with a fixed and
known frequency before it incides the sample. The detector’s signal
can then be analyzed under consideration of the known modulation
frequency. The huge advantage of modulating the signal is, that even-
tual disruptive influences (noise, constant offset) have a specific fre-
quency range. By modulating the signal outside this range, which
is often fulfilled for high modulation frequencies, the validity of the
measured signals can be significantly increased.

3.2.1 Lock-In Amplifier

A lock-in amplifier is an amplifier that separates the amplitude of a
modulated signal at a distinct known frequency from a noisy back-
ground [8]. Figure 11 shows the operating principle of a lock-in am-
plifier:

A modulated signal Uin is multiplied with a sinusoidal reference
signal, that has the exact same frequency f as the modulation of the
modulated signal. Subsequently the resulting signal is integrated over
a time T , that is much longer than the period of the modulation. The
resulting DC signal Uout has a much higher signal-to-noise ratio (SNR).
As an advantage a lock-in amplifier filters DC signals or signals, which
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Figure 12: Simple amplitude modulation setup.

frequency differs from the reference signal’s frequency. Hence, even-
tual noise in a signal is eliminated by the lock-in amplifier except
for the particular noise component at the modulation frequency. The
phase shift is necessary to adjust the phase of modulated and refer-
ence signal.

Mathematically the output signalUout can be described by the equa-
tion

Uout(t) =
1

T

t∫
t−T

sin(2πft ′ +∆φ)Uin(t
′)dt ′ . (39)

Sine functions and respectively cosine functions with different fre-
quencies are orthogonal to each other. Also a sine and a cosine func-
tion with the same frequency are orthogonal. Due to these relations
only a signal with the right frequency and phase can pass the lock-in
amplifier.

3.2.2 Amplitude Modulation Spectroscopy

Figure 12 shows a simple setup for an amplitude modulation spectrosco-
py: The laser beam is guided through a chopper, which is connected
to the reference input of the lock-in amplifier. The laser beam then
has a modulated intensity that passes the sample. The power of the
transmitted laser beam can be measured by a photo diode, which
is connected to the signal input of the lock-in amplifier. The output
signal of the lock-in amplifier is proportional to the mean transmitted
laser beam power.

This setup can extract the pure modulated transmitted laser power
from the noisy background of the signal and can thus increase the SNR

of the signal. The origin of the background noise can be optical (e.g.
background light and laser noise) or electronic (e.g. by the detector
and amplifier).
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Figure 13: Simple frequency modulation setup.

Figure 14: Principle of frequency modulation spectroscopy. The modulated
laser frequency leads to a modulated intensity behind the sample.
This modulated intensity can be analyzed using a lock-in ampli-
fier and can be interpreted as the 1

st derivative of the absorption
coefficient.

3.2.3 Frequency Modulation Spectroscopy

Another method of modulation spectroscopy is the so called frequen-
cy modulation (FM) spectroscopy. Instead of the amplitude the wave-
length of the laser is modulated. Figure 13 shows a possible simple
setup for this: The frequency of a tunable laser source is modulated.
In the present setup this can be achieved by driving a piezo-electric
crystal, which is linked to the grating in the resonator, with a sinu-
soidal voltage. The piezo voltage’s trigger signal is used as the ref-
erence for a lock-in amplifier. The frequency modulated laser beam
passes the sample, which adds a modulation to the amplitude of the
laser beam (see Figure 14). This amplitude modulated laser beam is
detected by a photo diode, whose voltage is used as the signal for the
lock-in amplifier. The demodulated signal can be interpreted as the
1

st derivative of the absorption coefficient α.
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For the derivation of the last interpretation only a few physical laws
are necessary: The transmitted power PT(ω) can be approximated
using the Taylor formula

f(x)
x→x0≈ f(x0) + f

′(x0)(x− x0) +
f ′′(x0)

2
(x− x0)

2

+
f ′′′(x0)

6
(x− x0)

3

(40)

around the a central frequency ω0

PT(ω)
ω→ω0≈ PT(ω0) + P

′
T(ω0)(ω−ω0) +

P ′′T (ω0)

2
(ω−ω0)

2

+
P ′′′T (ω0)

6
(ω−ω0)

3 .
(41)

With a sinusoidal frequency modulation (ω(t) = ω0 +A sin(Ωt))
the last equation becomes

PT(t)
ω→ω0≈ PT(ω0) + P

′
T(ω0)A sin(Ωt) +

P ′′T (ω0)

2
A2 sin(Ωt)2

+
P ′′′T (ω0)

6
A3 sin(Ωt)3 .

(42)

The approximation of the Lambert-Beer law (see Equation 36) for
thin layers (α(ω) · L = τ� 1) is given by

PT = P0(ω)e−α(ω)L ≈ P0(ω) (1−α(ω)L) . (43)

With the assumption P0(ω) = P0(ω0) (no amplitude modulation)
it holds with Equation 43(

dn

dωn
PT

)∣∣∣∣
ω0

= −P0(ω0)L

(
dn

dωn
α

)∣∣∣∣
ω0

(44)

for the derivatives of the transmitted power. Inserting Equation 44 in
Equation 42 leads to

PT(t) ≈PT − P0(ω0)Lα
′(ω0)A sin(Ωt)

− P0(ω0)L
α ′′(ω0)

2
A2 sin2(Ωt)

− P0(ω0)L
α ′′′(ω0)

6
A3 sin3(Ωt) .

(45)

Using two trigonometric identities

sin2(x) =
1

2
(1− cos(2x)) (46a)

sin3(x) =
1

4
(3 sin(x) − sin(3x)) (46b)
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Equation 45 gets to

PT(t) ≈PT − P0(ω0)Lα
′(ω0)A sin(Ωt)

− P0(ω0)L
α ′′(ω0)

2
A2
1

2
(1− cos(2Ωt))

− P0(ω0)L
α ′′′(ω0)

6
A3
1

4
(3 sin(Ωt) − sin(3Ωt))

(47)

Sorting the last equation by the different harmonics of modulation
and by dividing it by P0(ω0) leads to

PT(t)

P0(ω0)
≈ (1−α(ω0)L) −A

2L
α ′′(ω0)

4

+

(
−ALα ′(ω0) −A

3L
α ′′′(ω0)

8

)
sin(Ωt)

+A2L
α ′′(ω0)

4
cos(2Ωt)

+A3L
α ′′′(ω0)

24
sin(Ωt) .

(48)

If there is only a small modulation amplitude A the harmonics of
modulation correspond to the derivatives of the absorption coefficient
α.

A simultaneous amplitude modulation leads to additional terms in
Equation 44. The demodulated signal is shifted by a constant propor-
tional to the amplitude of the amplitude modulation. This effect can
be potentially reduced by using balanced detectors.
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S E T U P

Figure 15 shows the experimental setup. A frequency doubled laser
beam is amplitude modulated and passes the sample in the cryostat.
It is subsequently detected by a photo diode. The following subsec-
tions will explain the setup in detail.

4.1 tunable diode laser

For this experiment a Toptica DL Pro is used, which is a Littrow
ECDL. It has a linewidth of less than 1 MHz [9] and operates at a
power of less than 80 mW. The wavelength is tuned between about
1140 nm and 1141 nm. The coarse tuning (> 0.1nm) can be achieved
by mechanical turning of the grating with a screw. For the fine tuning
(< 0.1nm) a piezo-electric crystal can be used that can turn the grat-
ing much more precisely. The accessible mode hop-free tuning range
should be greater than 20 GHz. The output beam is linear polarized
and has a diameter of 3mm× 1mm [9]. To correct the ellipticity of
the laser beam an anamorphic prism pair (APP, Thorlabs PS883-C) is
used.

4.2 waveguide

For the second harmonic generation a 20 mm long periodically poled
MgO doped lithium niobate (MgO:PPLN) waveguide is used. It is em-
bedded in a waveguide with several channels. The waveguide has a
normalized conversion efficiency of 140%/W/cm2 and a poling pe-
riod of 8.68 µm. It has an AR-coating of R < 0.5% (571 nm) respec-
tively R < 0.3% (1142 nm).

Due to the periodic poling quasi-phase matching can be achieved.
To tune the phase matching condition to different wavelengths the
waveguide is placed on a copper block temperature controlled by a
heater (Thorlabs TC200-EC). For the coupling a 20x microscope objec-
tive is used, which is mounted on a 3-axis stage (Thorlabs MDT616).
The maximum SHG efficiency is about 10 %.

4.3 filter , noise eater and spectrum analyzer

One part of the laser beam, which is splitted by a polarized beam
splitter, is guided with an optical fiber (Thorlabs P1-SMF28E-FC-6) to
a spectrum analyzer (ANDO AQ-6315E optical spectrum analyzer).
Unfortunately the spectrum analyzer has an absolute shift of about

27
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Figure 15: Scheme of the experimental setup with the abbreviations anamor-
phic prism pair (APP), waveguide (WG), temperature controller
(TC) and polarizing beamsplitter (PBS.)

0.3 nm, so that only relative relations between measurement points
can be determined with a sufficient resolution.

The other part of the beam passes a filter (Thorlabs FB570-10) to
get rid of the original infrared part (around 1141 nm) of the laser
spectrum. The noise eater (Thorlabs LCC3111L/M ) stabilizes and
controls the power of the laser.

4.4 chopper , photo diode and lock-in amplifier

The chopper (HMS Light Beam Chopper 220A) modulates the inten-
sity of the laser beam with a frequency of about 3 kHz. The laser beam
is then guided through the cryostat, passes the sample and gets de-
tected by a Si amplified detector (Thorlabs PDA100A-EC). The signal
of the chopper is used as the reference signal for a lock-in amplifier
(Zurich Instruments UHFLI), whereas the detector signal is used as
the lock-in input signal.

4.5 cryostat

In this experiment an Oxford Spectromag cryostat is used. During
the experiment stable temperatures down to 1.7 K are achieved. The
optical access is enabled through a few Mylar films. Unfortunately
these films are not perfectly clean with the result, that most of the
laser intensity (about 90 %) is reflected, absorbed or scattered by these
films. The light beam is focused on the sample through a lens (f =

200mm) and afterwards collected by a second lens (f = 50mm). The
high focal length of the second lens is chosen to collect in addition to
the laser beam itself a lot of scattered laser light on the detector.
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Figure 16: Sample holder with two samples. The left sample is a 70 µm thick
Cu

2
O crystal from Russia. The right one is an artificial 100 µm

thick sample from the Max Planck Institute For Solid State Re-
search.

4.6 samples

Figure 16 shows the sample holder with two strain-free mounted pol-
ished Cu

2
O crystals. The left sample is 70 µm thick and from Rus-

sia; the right one is a 100 µm artificially grown crystal from the Max
Planck Institute for Solid State Research (MPI). Our third crystal is also
from the MPI and is a bit thicker than the 100 µm crystal. From all of
our crystals only the artificially 100 µm thick one shows absorption
lines due to exciton transitions.
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M E T H O D O F M E A S U R E M E N T

For the first measurements no modulation spectroscopy was applied.
Due to the low detected intensity the SNR was to low for acceptable
results. Therefore two concepts of modulation spectroscopy were im-
plemented and tested. Of these two methods only the amplitude mod-
ulation spectroscopy yields good results.

5.1 amplitude modulation spectroscopy

Every data point of the spectrum is measured manually. By turning
the grating and varying the piezo voltage the right wavelength for
the second harmonic is set. With the used spectrum analyzer this
can be done with a resolution of up to 0.002 nm. When necessary
the temperature of the waveguide and the coupling into the fiber is
optimized to get at least a power of the SHG higher than 500 µW.

The noise eater output power is set to 300 µW. The LED of the noise
eater can then be used as an indicator for the necessity of coupling or
temperature optimization, since it turns red, if the input power is too
low. Otherwise it shines green.

This chosen power levels appear to be a good compromise. A high
output power is advantageous for the detection of the transmitted
laser power. On the other hand reduces a lower laser power the need
of tuning the wavelength, because even a low coupling efficiency can
be sufficient.

The chopper runs with a frequency of about 3 kHz. The tempera-
ture of the cryostate is set to a stable temperature between 1.7 K and
2.1 K. The demodulated detector signal with and without a sample is
noted. The integration time of the lock-in amplifier is set to 1 s. For
the Si amplified detector an amplification of 50 dB is used.

This procedure has to be repeated for each data point.

5.2 frequency modulation spectroscopy

The frequency modulation spectroscopy is realized by a modulated
voltage at the piezo-electric crystal with a frequency of about 1 kHz.
For a continuous frequency modulation the wavelength has to stay
within the mode-hop free tuning range. Therefore the laser has to be
tuned around the central frequency by varying the electric current,
the temperature, the feed forward parameter and the piezo voltage.

Unfortunately, the essential feed forward leads to an additional
amplitude modulation. Since modulation spectroscopy works best at
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high frequencies, the noise eater is not able to compensate this am-
plitude modulation. This is why the demodulated signal cannot be
interpreted directly as the 1

st derivative of the absorption coefficient.
Normally this leads only to an additional offset, that can be ignored
or subtracted afterwards.

Also the second condition (see Equation 43) of the derivation in
Section 3.2.3 is not fulfilled: A sample thickness of L = 100µm is
to large for the approximation αL = τ � 1. The measured optical
depths were usually between 4 and 7. This leads to the situation,
that the demodulated signal can not be directly interpreted as the
1

st derivation of the absorption coefficient.
For this method of measurement we were not able to reduce the

noise of the demodulated signal to an acceptable value. The fluctua-
tions were to high to note only a single value with a sufficient accu-
racy.
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L A S E R

In this experiment a Toptica DL Pro (Littrow ECDL) is used. The laser
has a specific power and a specific wavelength. In the next sections
the influence of temperature, current and piezo voltage on the param-
eters power and wavelength are investigated.

6.1 power

6.1.1 Influence of Current

Figure 17 shows the influence of the current on the power of the laser.
The temperature is set to the constant value Tset = 20.0 °C. Also the
grating angle is fixed. The power is measured using a Ge photodiode
(Thorlabs S122C).

The measurement data are fitted with the function

P(I) = m · I− c . (49)

For the fit constants the values m = (507± 4)µWmA−1 and c =

(33.6± 0.6)mW are determined.
The laser starts lasing, when the current exceeds the threshold

Ithresh = (66± 2)mA. From this value on the power increases linear
to the electric current.

By varying the electric current the dominating process regarding
the output power is the changed gain of the laser diode. The variation
of the internal modes with respect to the power is negligible, but it is
of importance for the wavelength behavior.

6.1.2 Influence of Temperature

In Figure 18 the power of the laser is plotted for different tempera-
tures, while both electric current (Iset = 190mA) and grating angle
are held constant.

The measured power increases linearly with increased temperature.
Therefore the measurement data are fitted with a linear function

P(T) = −m · T + c . (50)

The fit parameters have the values m = (1.17± 0.07)mW °C−1 and
c = (78± 2) °C.

In contrast to the situation in the last subsection, the change of the
internal modes with temperature variations, is not negligible. This is
why the measured powers at some points depart conspicuously from
the ideal linear function.
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Figure 17: Influence of current on the power. Temperature (Tset = 20.0 °C)
and grating angle are held constant. The power is measured with
a Ge photo diode (Thorlabs S122C). The measurement data (red)
are fitted with a linear function (blue) P(I) = 507µWmA−1 · I−
33.6mW.

Figure 18: The influence of the temperature on the laser power. Current
(Iset = 190mA) and grating angle are held constant. The power
is measured with a Ge photo diode (Thorlabs S122C). The mea-
sured data (red) are fitted with a linear function (blue) P(T) =

−1.17mW °C−1 · T + 78mW.
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Figure 19: Spectrum of the laser. The current is set to Iset = 170mA and
the temperature to Tset = 20.0 °C. The spectrum is taken with
an ANDO AQ-6315E optical spectrum analyzer. The measure-
ment data (red) is fitted with a Gaussian function (blue) S(λ). The
linewidth is due to limitations of the optical spectrum analyzer
much greater than the real linewidth of the laser.

6.2 spectrum

Figure 19 shows a typical laser spectrum. The spectral density S is
fitted with a Gaussian function

S(λ) = a · exp
(
−
(λ− b)2

2c2

)
(51)

with the fit parameters a = 3.26± 0.02, b = (1139.880± 0.005)nm
and c = (0.0229± 0.0001)nm.

The first variable a is only for the normalization. The second vari-
able b is the central frequency of the laser. The parameter c is propor-
tional to the linewidth FWHM = 2 ln(2)c ≈ 2.35c = 0.054nm, where
FWHM is the full width at half maximum. The measured linewidth
(about 12 GHz) is much greater than the real linewidth of the laser
beam (about 1 MHz) due to limitations of the spectrum analyzer.

For the following discussions only the central wavelength is of im-
portance.

6.2.1 Influence of Temperature

Figure 20 shows the influence of the laser diode’s temperature on the
wavelength. The graph shows a linear relation between the tempera-
ture and the laser wavelength in the investigated temperature range.
However the wavelength variation is not homogeneous due to mode-
hops.

The measurement data is fitted with a linear function

λ(T) = m · T + c . (52)
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Figure 20: The influence of the temperature on the central wavelength. Both
current (Iset = 190mA) and grating angle are held constant. The
wavelength is determined with an ANDO AQ-6315E optical spec-
trum analyzer. The measurement data (red) are fitted with a lin-
ear function (blue) λ(T) = 17 pm °C−1 · T + 1141.53nm.

For the fit constants the values m = (17± 2)pm °C−1 and m =

(1141.53± 0.03)nm were determined.

6.2.2 Influence of Piezo Voltage

Figure 21 shows the influence of the piezo voltage on the central wave-
length of the laser. Since there are possible mode-hops the measure-
ment data differ clearly from a perfect straight line.

For the fit a linear function

λ(U) = −m ·U+ c (53)

is used. The fit parameters are m = (2.80± 0.08)pmV−1 and c =

(1142.080± 0.006)nm.

6.3 mode-hop free tuning

With mode-hop free tuning it is possible to tune the wavelength of
the laser continuously. This allows to tune the laser wavelength with
an accuracy higher than the spectrum analyzer’s resolution. Also it is
essential for the frequency modulation spectroscopy.

6.3.1 Indicators

The direct discontinuity of the wavelength because of mode-hops is
poorly detectable with the used spectrum analyzer due to the limited
sampling rate and resolution. Therefore another effect for the detec-
tion of mode-hops is used:
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Figure 21: Voltage’s influence on the central wavelength (with mode-hops).
Both current (Iset = 190mA) and temperature (Tset = 20.0 °C)
are held constant. The wavelength is determined with an ANDO
AQ-6315E optical spectrum analyzer. The measurement data (red)
are fitted with a linear function (blue) λ(U) = −2.8 pmV−1 ·U+

1142.080nm.

(a) f = 26.0Hz. (b) f = 0.24Hz

Figure 22: Difference of the mode-hop free tuning range between low and
high modulation frequencies f. The piezo electric crystal is driven
by a symmetric ramp voltage (red). The blue measurement points
show the voltage measured at the photo diode.
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Figure 23: Influence of the voltage on the wavelength (mode-hop free). The
temperature (Tset = 21.5 °C) is held constant, while the electric
current Iset varies because of the feed forward. The wavelength is
determined with an ANDO AQ-6315E optical spectrum analyzer.
The laser is mode-hop free tuned within this voltage range. The
measurement data (red) are fitted with a linear function (blue)
λ(U) = −1.70 pmV−1 ·U+ 1142.300nm.

If a wavelength mode-hop occurs while changing the piezo voltage,
usually but not always this leads also to a significant discontinuity in
the power of the laser. This can be easily detected with a photo diode
even at high frequencies.

Figure 22a shows a well mode-hop free tuned laser, while in Fig-
ure 22b a mode-hop is clearly visible. Also the figures show the influ-
ence of the feed-forward, that prevents a piezo voltage independent
laser power.

The mode-free tuning range can be optimized by varying the pa-
rameters current, temperature, piezo voltage and the feed-forward
parameter.

6.3.2 Properties

Figure 23 shows the influence of the voltage on the wavelength within
the mode-hop free range. The measurement data are fitted with a
linear function

λ(U) = −m ·U+ c . (54)

For the fit constants the values m = (1.70± 0.09)pmV−1 and c =

(1142.300± 0.002)nm are determined.
The slope (m = (1.70± 0.09)pmV−1) of the mode-hop free tuned

laser is much less than the slope ((2.80± 0.08)pmV−1) of the mode-
hoping laser (see Figure 21 and Equation 6.2.2).
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6.3.3 Influence of Frequency

Figure 22 shows, that the mode-hop free tuning range depends on
the modulation frequency of the piezo voltage, while the other pa-
rameters are hold constant. The mode hop-free tuning range is signif-
icantly smaller for low frequencies.

A possible explanation for this behavior is the influence of the
diode’s temperature on the internal modes: For high modulation fre-
quencies the temperature change based on the modulated current is
negligible, because the cycle duration is to short to heat the diode
significantly. The modification of the internal modes is only affected
by the change of the refractive index due to the change of the charge
density at the p-n junction.

With low modulation frequencies the cycle duration is long enough
to change the diode’s temperature, but too fast to be compensated by
the laser’s PID temperature controller. This explains also the asymme-
try in Figure 22b. For low frequencies the internal modes are changed
both by charge density at the p-n junction and temperature changes
and complicate a mode-hop free tuning.
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To fulfill the quasi-phase match condition for different wavelengths,
the temperature of the waveguide is varied. Figure 24 shows the tem-
peratures of the waveguide in dependence of the wavelength. It also
shows the theoretical exciton states for the corresponding second har-
monic of each wavelength, which converge to the band gap energy
around 1141.66 nm (SHG: 570.83 nm).

For the fit a linear function

T(λ) = m · λ− c (55)

is used. The fit parameters are m = (11.12± 0.07) °Cnm−1 and c =

(12 650± 80) °C.
The conversion efficiency is about 7.4 %. This is an acceptable value,

although the theoretical 10 % efficiency as specified by the manufac-
turer is not reached. It depends significantly on the chosen waveguide
temperature. A temperature mismatch of only 1 °C can reduce the ef-
ficiency by half.

Also the position and alignment of the waveguide and the polar-
ization of the laser beam affect the conversion efficiency.

Figure 25 shows the spectrum of the SHG behind the waveguide.
The data are fitted with a Gaussian function

S(λ) = a · exp
(
−
(λ− b)2

2c2

)
(56)

with the fit parameters a = (211± 2) · 10−6, b = (569.964± 0.006)nm
and c = (0.0185± 0.0003)nm. The interpretation of this spectrum is
analogous to the original laser spectrum of Figure 19. Also the same
limitations due to limited resolution of the spectrum analyzer take
place.
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Figure 24: Ideal temperature for the quasi-phase match condition. The meas-
ruement data (red) are fitted with a linear function (blue) T(λ) =
11.12 °Cnm−1 · λ− 12 650 °C. The gray vertical lines indicate the
theoretical exciton states for the corresponding SHG.

Figure 25: Spectrum of the SHG. The measurement data (red) are fitted with
a Gaussian function (blue) S(λ).
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C U P R O U S O X I D E

In this thesis the transmission spectrum of Cu
2
O is investigated. An

artificial crystal about 100 µm thick is used, whose temperature was
held at about 1.9 K. Figure 26 shows the measured spectrum, where
the excitons with the main quantum number n = 4 to n = 9 are
clearly visible. This spectrum was taken by using the technique of am-
plitude modulation spectroscopy, which is described in Section 5.1.

8.1 calibration

The spectrum analyzer used in this experiment has a calibration error
of about 0.3 nm around 632.8 nm. This error was detected by looking
at the spectrum of a helium-neon laser, which has a well known cen-
tral wavelength around 632.8 nm.

For the calibration the exciton absorption lines itself are used. As
the reference the measured exciton energies of [3] are used (see Ta-
ble 4 in Appendix A). The spectrum is calibrated at the exciton ab-
sorption line with the main quantum number n = 6, which has an
energy of 2.169 48 eV.

Therefore the measured spectrum has to be shifted by −0.87 eV.
This corresponds to a wavelength shift of 0.229 nm at 571.493 nm.

8.2 fit of absorption lines

The absorption lines of the excitons with the main quantum numbers
n = 4 to n = 8 are each fitted with an asymmetric Lorentzian function
(see Equation 38). As the background a linear function is assumed
individually for each absorption line. Consequently the fit function is
given by the equation

αn(E) = Cn

Γn
2 + 2qn · (E− En)(
Γn
2

)2
+ (E− En)2

+ an · (E− En) + bn (57)

with the six fit parameters Cn, Γn, En, qn, an and bn. The process is
sketched in Figure 27.

The fit parameter Cn is proportional to the peak area (integral of
the pure Lorentzian function), which is proportional to the oscillator
strength. The variable Γn is the FWHM of the distribution and qn de-
scribes the asymmetry. The variable En describes the energy of the
exciton transition.

The parameter an and bn determine the approximated background
due to phonon assisted exciton absorptions into other exciton states.
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Figure 26: Spectrum of the yellow exciton series of an artificial Cu
2
O crystal

at 1.9 K up to the main quantum number n = 9. The first five
absorption peaks are fitted with an asymmetric Lorentzian func-
tions (blue). The vertical gray lines indicate the reference exciton
states up to n = 25 [3].

Figure 27: Fit of a single absorption line (n = 5). The absorption line is
fitted with an asymmetric Lorentzian function. The range within
which the spectrum (red) is fitted is indicated by the two vertical
black lines. As the background an individual linear function is
assumed for each absorption line (blue curve), which is added to
the Lorentzian profile (blue dotted line).
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Table 1: Fit parameters En, Γn and Cn of the absorption lines.

n En (eV) Γn (µeV) Cn (10
−3)

4 2.166 139 ± 0.000 005 634± 10 0.699 ± 0.009

5 2.168 284 ± 0.000 005 438± 9 0.485 ± 0.007

6 2.169 481 ± 0.000 005 255± 11 0.177 ± 0.005

7 2.170 166 6± 0.000 000 7 200± 2 0.0835± 0.0005

8 2.170 579 ± 0.000 003 185± 5 0.0511± 0.0009

Table 2: Fit parameters qn, an and bn of the absorption lines.

n qn an bn (eV−1)

4 −0.390± 0.010 4.15 ± 0.02 330± 30

5 −0.187± 0.009 4.57 ± 0.02 390± 20

6 −0.242± 0.018 4.94 ± 0.02 750± 60

7 −0.138± 0.003 5.288± 0.002 778± 6

8 0.111± 0.013 5.789± 0.006 580± 60

In Table 1 and Table 2 the six fit parameters for all five exciton
absorption lines are listed.

8.3 analysis

The fit parameters of the exciton absorption parameters correspond
to some physical properties of the excitons and the Cu

2
O crystal.

8.3.1 Linewidth and Oscillator Strength

The parameters Γn correspond to the linewidth of the absorption lines
and therefore determine with Equation 35 lower limits for the life-
times of the excitons. The calculated values are listed in Table 3.

Figure 28b shows the linewidths as a function of n. The measure-
ment data is fitted with a inverse cubic function (inspired by [3])

Γ(n) =
a

n3
(58)

with the fit parameter a = (455± 45)meV . As it can be seen in Fig-
ure 28b the fit function does not coincide optimally with the measure-
ment data.

The linewidths for the higher main quantum numbers are broader
than expected. Possible reasons for this behavior could be crystallo-
graphic defects, whose influence increases with the main quantum
number due to the exciton’s larger spatial extension.
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(a) Binding energy. (b) Linewidth. (c) Oscillator strength.

Figure 28: Analysis of exciton absorption linewidth parameters. a) The de-
termined binding energies (red) fit perfectly to the estimated
n−2 dependency. b) The linewidths (red) of the absorption lines
should have an n−3 dependency (blue). c) The peak area (oscil-
lator strength) (red) should decrease with an n−3 dependency
(blue).

The same can be done with the oscillator strength, which is rep-
resented by the parameter Cn. In Figure 28c the parameters Cn are
plotted over n (multiplied by 10

3) and are also fitted with a inverse
cubic function

C(n) =
b

n3
, (59)

where the fit parameter is determined to b = 0.046± 0.004. The good
approximation shows, that the oscillator strength has an n−3 depen-
dence, which confirms the theoretical expectations [3].

8.3.2 Binding Energy

The energy levels En in Table 1 can be fitted with the equation (see
Equation 5)

En = Eg −
ER

n2
, (60)

where Eg = (2.172 10± 0.000 03) eV is the band gap energy and ER =

(95.27± 0.09)meV the Rydberg energy. The implementation of the
concept of quantum defects (see Equation 12) does not improve the fit.
This effect may only be relevant for high main quantum numbers [3].
The band gap energy matches well with the reference of 2.172 08 eV,
while the Rydberg energy differs about 3 meV compared to the refer-
ence of 92 meV [3] or 98.1 meV [10].
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Table 3: Average radius and lifetime of the measured excitons

n 〈rn〉 (Å) τn (ps)

4 269 1.04

5 427 1.50

6 620 2.58

7 848 3.29

8 1110 3.56

Figure 28a shows the binding energy (En − Eg) as a function of the
main quantum number n. The exact n−2 dependence is clearly visible
as described by the theoretical model. The description of excitons as
hydrogen equivalent particles fits very well.

With the Rydberg energy ER the Bohr radius (see Equation 7)

aB =
e2

8ERπεrε0
= 11.7Å , (61)

with the relative permittivity εr = 6.46 [11]. For the exciton with the
main quantum number n = 9 this corresponds to an average radius
of (see Equation 13)

〈rn〉 =
1

2
aB

(
3n2 − l · (l+ 1)

)
= 1410Å , (62)

which is about the fourth of the visible light’s wavelength. The values
of the other excitons are listed in Table 3.

With Equation 7 also the reduced mass

µ∗ =
32π2 h2ε2r ε

2
0ER

e4
= 0.29 ·me (63)

of the excitons can be calculated, where me = 9.109 · 10−31 kg is the
electron rest mass.

8.4 limitations

The setup used to measure the transmission spectrum in Section 5.1
has some limitations:

The waveguide’s phase match condition prevents the investigation
of the excitons with the main quantum numbers n = 3 or n = 2, be-
cause therefore temperatures above 100 °C are necessary, which even-
tually destroy the waveguide directly or indirectly by damaging the
mounting parts. However for the investigation of Rydberg excitons
only high main quantum numbers are of interest.

For very highly excited excitons (n > 15) the resolution of the spec-
trum analyzer limits the direct measurement of the spectrum. How-
ever mode-hop free tuning can eventually exceed this limitation.
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The resolution of the transmission is limited by the SNR. Due to the
thickness of the sample, the transmission is very low in general. A
very low laser power (about 300 µW) and a poorly optimized cryostat
lead to very low power levels at the detector. For excitons with a main
quantum number higher than n = 9 the signal drops drastically and
therefore decreases the SNR. A possible explanation for his behavior
could be phonon-assisted absorption (see Section 1.1.4) into other ex-
citon states (including the 1s-state) [12]. This limitation could become
less important by reducing the sample temperature.

The whole setup is also not damped against vibration, although
the vacuum pumps used are powerful sources of vibration. Through
the amplitude modulation spectroscopy the SNR of the signal could be
increased drastically but not sufficient for the highly excited excitons.



C O N C L U S I O N

Highly excited excitons are a relative new field of research. The setup
described in this thesis is suitable for the investigation of Rydberg
excitons in the semiconductor Cu

2
O even if there are some limitations.

It was possible to detect excitons with a main quantum number up to
n = 9.

The theoretical properties of the laser and the waveguide could
be confirmed and understood. The problems regarding mode hops
could be explained.

Moreover some properties of the excitons and the material them-
selves could be investigated. For the band gap of Cu

2
O an energy of

(2.172 10± 0.000 03) eV was determined. The excitons’ binding ener-
gies fit the theoretical model of the hydrogen- equivalent description
with high precision. The corresponding Rydberg energy has a value
of (95.27± 0.09) meV.

Different implementations of modulation spectroscopy were dis-
cussed and tested. With this setup only the amplitude modulation
spectroscopy led to good results. It was superior regarding the signal-
to-noise ratio compared to normal transmission spectroscopy.

For this experiment an artificial grown cuprous oxide crystal was
used. Usually natural Cu

2
O crystals are superior concerning crystal

quality. In this thesis it could be shown at first that also artificial
grown Cu

2
O crystals show clear exciton absorptions up to the main

quantum number n = 9. This overcomes a lot of limitations that could
occur due to the restriction on natural crystals, regarding possible
applications.
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O U T L O O K

With this setup it is possible to investigate Rydberg excitons up to the
main quantum number n = 9 in an artificial Cu

2
O crystal. For further

experiments some optimizations have to be applied to the setup:
First a reduction of the sample thickness down to values of 30 µm

could be a great enhancement compared to the present 100 µm. A
thinner crystal has a much higher transmission and so simplifies the
detection and improves the SNR.

In the same way a cryostat optimized for the transmission of visible
light around 571 nm can reduce the absorption, reflection and scatter-
ing of the cryostat. This leads to a higher and more stable intensity on
the sample, which also reduces the SNR of the signal. An optimized
cryostat with potentially smaller windows furthermore allows lower
temperatures due to the reduced thermal radiation.

Also a spectrum analyzer or a wavemeter with a higher accuracy
can resolve excitons with greater main quantum numbers.

Last but not least the optical setup can be improved. If the distance
between the diode laser and the waveguide could be decreased dras-
tically, this could reduce the effort of optimizing the coupling into
the waveguide and therefore accelerate the measurement speed. With
a spectrum analyzer or wavemeter with a digital output automation
(e.g. the control of the waveguide temperature) is possible.

With these optimizations also further experiments with the crystal
itself are possible. It could be interesting to investigate the influence
of magnetic or electric fields on the exciton absorptions. Also intensity
dependent measurements could be of interest. Moreover the compar-
ison of artificial and natural crystals can be investigated.

53





Part IV

A P P E N D I X





A
E X C I T O N E N E R G I E S O F T H E Y E L L O W S E R I E S

Table 4: High-precision exciton energies of he yellow series in Cu
2
O. These

exciton energies are published in [3] (supplementary Table S1).

n En (eV)

2 2.1484

3 2.161 35

4 2.166 09

5 2.168 29

6 2.169 48

7 2.170 182

8 2.170 635

9 2.170 944

10 2.171 163

11 2.171 324

12 2.171 446

13 2.171 541

14 2.171 615 9

15 2.171 675 8

16 2.171 724 8

17 2.171 765 3

18 2.171 798 9

19 2.171 827

20 2.171 851 5

21 2.171 872 4

22 2.171 890 6

23 2.171 906 8

24 2.171 920 2

25 2.171 933 5
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